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"Approximation of infinite delay and Volterra type equations"
by K. Ito and F. Kappel

WRNTURWANSS | “AT AP SINRRE S b

Summary

~
~

B o,

Linear autonomous functional differential equations of neutral type
include Volterra integral and integrodifferential equations as special
cases. The paper considers numerical approximation of solutions to

these equations by first converting the initial value problem to an
abstract Cauchy problem in a product space (R® x weighted L?—space) and
then using abstract approximation results for C -semigroups combined with
Galerkin type ideas. In order to obtain concrete schemes subspaces of
Legendre and Laguerre polynomials are used. The convergence properties

of the algorithms are demonstrated by several examples.
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Running head: Volterra type equations

Subject classification: 34G10, 34K99, 45D05, 45J05,45L10

L R S i A PL PO DI R S S
P U S e A e A R
e A A L'-‘L'L{\‘uﬂ:\ PRV PRLSICONE o9 S




1. Introduction

The purpose of this paper is to develop an approximation scheme
pl
based on L°-approximation by orthogonal polynomials for the
following problem:
0 p t O

t
y(t) 6 + ) A. [ x(t-n.)dt + [ [ A(o)x(t+o0)dodr
j=o 40 J 0 -=

t
+ [ f(t)dr, t > 0,
0

-
-
-

»
b ‘.’L RPN

0
x(t) Bix(t-hj) + [ B(1)x(t+1)dt a.e. on

- 00

P

s

x(t) < 0,

[}
y

P

where 0 = hO < 1 ee. < o = h, ¢O e:m“ and ¢1 resp. [

an R"-vzalued function on (==,0] resp. [(0,»). Furthermore,

ST
LI NP

.

Bj are nxn-matrices and A(-), B(¢) are nxn-matrix valued

furrttions on (-«,0]. It will be convenient to define

0
Bjx(t-hj) - f B(t)x(t+1)drT,

-0

. 55 Y
L

o

. 0
ij(t—hj) + [ A(t)x(t+1)drT,

where as usual for a function x: IR +:mn the functions

x, i (==,0] »R", t > 0, are defined by xt(r) = x(t+t), v < 0.

The state of problem (1.1) at time t naturally is the peir
(y(t),xt). Correspondingly we choose as a state space
z = R" « LZ(-m,o;m”) with norm

0
[ 1ot Pgiydr, ¢ = (62,81 € 2z,

- a0

lols = %17

where the weighting function g 1is of the form

A T I Ry I IR
O W & W e N e AT,
R el W R fea A A .




. N . . . n
with & » 0, ;+¢ 135 the Euclidean norm on IR,

pol Before we discuss the solution semigroup of problem (1.1) in the
0%

:ﬁ? next section we indicate some special cases covered by (1.1).

AN

It is clear that y(t;¢) 1is always continuous on t > 0,

whereas x(t;¢) need not to be continuous on t > 0. This mozivates

I“l

‘&Q to introduce the pair (y(t),x,) as the state of (1.1) at tire =
;Jb and not the pailr (x(t),xt) (see [ 3]). If for a solutior of (1.2)
R x(t;¢) 1is continuous on IR then y(t) = D(xt) for all t > C,
Vo QO = D(¢1), y(t) 1is locally absolutely continuous a.e. crn t > C
gﬁ and x(t) 1s a solution of

e

hey

) d

Ead = = 4 ( - .

D It D(xt) I(xt) + f(t) a.e. on t >0,

(2.3
:::‘_. x(t) = ¢1(t) for all t < 0.

4'__.'.

N Equation (1.3) is a functional-differential equation of neutrezl

R type. Of course, if Bj =0, j=1,...,p, and B = 0 then (1.3)
:'if is an equation of retarded type. Solutions of (1.1) for generzl
?;i ¢ ¢ 72 could be considered as generalized solutions of (1.3). In
¥y this case y(t) = D(xt) only a.e. on t > 0. Further important
';¥$ types of equations covered by (1.1) are Volterra integro-differentisal
'y . .
Lene and integral equations,

o
ofﬁ- t

R-c x(t) = [ A (t-u)x(r)dr, t >0

0 (1.4)
e 0

:..':. X(O) = ¢ L)

.;}: ]

(Aj =0, Bj =0, B=0, A(g) = Al(—o), ¢, = 0) and
- t

fur x(t) = f(t) + | Bl(t-r)x(T)dr, t >0, (1.5)
", -
i-.' ° - t

AL (Aj = 0, Bj =0, A =0, B(o) = Bl(—o), 451 = 0, f(t) =¢>O+ff(r)d7),
o where f 1s locally absolutely continuous on t > 0. 0

%
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‘he solution semigroup

We impose the following condition:

b Y
-
s
2 nxn
Y - -~ :
e A,BcLl/g( ,0; R, (2.1)
. Since the weighting function g defined in (1.2) trivially

satisfies hypotheses (H1) and (H2) of [ 9] we get immediately
. from [ 9 ; Thm 2.1].

N Proposition 2.1. Assume f = 0. Then the family T(t), t > 0,

of operators defined by

T(the = (y(ts0),x (8)), t >0, ¢ € 2,

ﬁ where y(t;¢), x(t;¢) 1is the solution of (1.1) corresponding to
” ¢, 1s a Co-semigroup on 2. '
b -Let A be the infinitesimal generator of T(-)}. Then
"~
> Proposition 2.2. A 1is given by
,
0 1 1 . .
. dom A = {(¢ ,0 ) € Z]|¢ is locally absolutely continuous
o 1

on (""’,O], 6 € Lé(—w,o;mn) and D(@l) = ¢O},

0 .1 1, -1 0 .1
ACo",¢7) = (L(¢7),07), (¢ ,¢7) € dom A,

,¥ Proof: Let ¢ e€ D(A) and choose » € R sufficiently large. Ther
- -

E 6 = (AI—A)—lw = e-AtT(t)wdt for a ¢ € Z which is equivalent tc
L 0

o _ 7 - o

X 0 = [ e My(t;uat, (2.2)

; 0
fi ) ¢1(r) = e-Atx(t+r;w)dt z eXT i e_AtX(t;w)dt,r < 0.(2.3)

1 0 1

o -

¥
3
"
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Equation (2.3) showsz that «°
(==,0]

is locally

on and

-1 1 1
¢

- el -yl e Lo(-w,0; ®”RY).

From A¢1 - [A¢]1 = wl and (2.4) we see

(Ao)t = &1,

absolutely continuous

Taking Laplace-transforms in the second equation of (1.1) and

observing (2.2), (2.3) we get

O - Doty

Differentiating the first equation in (1.1) and then taking

Laplace-transforms we obtain analcgously

0 0

1
‘eo - v = L(¢T).

This and A¢O - [A¢]O =

0

2010 = Ligt).

Thus we have shown that the operator given in the proposition

is an extension of the infinitesimal generator of T(.). Call

and
(xI-C)¢

this extension for the moment C

for A sufficiently large, ¢ =

i.e. ¢ = (AI-A)¢A. Then

o0 = aD(e) - L(st)

1 .1 1
Yol = 07 = he)

choose
and ¢ =

A

¢ € dom C. We put,
(AI-2)"1y € dor A,
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: 1
b o
: These two equations imply .
S 1 1 ‘v, 1 1 N
g ¢7(1) = ¢ (1) = e (¢ (0) - 9,(0)), -
; i
¥ and
" Ae Ao
! (D 1) = Lie’ 1) ICeT (0) - 6} (0)) = 0. -
b The estimate A
» | A 1 A’ : v
N |I - D(e I) + K L(e I)u ::
) -’
D P -in. P -ih. )
< 3 odBile doe =Y Bl L, 42 Y dale Y -
x - P21 J oAt B L2 A 20 J '~
J= 1/g J =
: 1,1 /2, R
4§ il R
*y G }A'Lz >
1/g N
Ao A- -1 . - .
shows that [AD(e I) - L(e I)] exists for X sufficiently
- 1 N
b3 large, which implies ¢1(O) = ¢>;(O) and therefore also ¢ =¢,edom A & -
$ ' It will be necessary to consider protlem (1.1) in state spaces 1
. with weighting functions different from g as defined in (1.2). lLet -
0 < vy < Z,
E g(r) =e'", 1 <0, (2.5) =
ol .
’ z n 2 n . >
and put Z = IR x Lg(—w,O;IR ) with the usual norm. Then
K obviously A, B « Lf/é(-w;o; R™") and therefore Propositions 2.2 N
k" and 2.2 are also true for problem (1.1) considered in the state .
: - - ~ . . . ]
s space 7. Let T(+) and A denote the solution semigroup of (1.1, .
in Z and its infinitesimal generator, respectively.
. Lemma 2.3. a) Z 1s dense in 2 and the embedding Z c 2z is
’ continuous.
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- € -
. B -n .
b)Y for any v o« LF(-w,O;,m ) and any o > 0 we have
% e Lo (-=,0; BT,
£
] 2 n. - 2 n .
¢) For any v ¢ Lé(—m,O;IR ) such that also v « Lé(—w,o;jp ) zrad
any a > 0 we have
B 4
R
lim e jt1|l v(t) = ©
T+— @
- K K ) . )
d) The sets Dk = dom A" c dom A, k = 1,2,..., are dense in 2

and invariant with rezpect to T(-).

Froof: a) Density of Z follows from density of Lg(-w,o;lﬁn) ir

2 n . . > .
Lg(—w,O;im ). The latter property is obvious, because all continucs

functions with compact support are contained in Z. Since «y <

™m

we obviously have (¢, < i¢li for all ¢ € 2.
s =
t) This follows from

% v, s e TR () 1 Pan
L -
g -~
< 20 \2a WIZ v e 12(mm,0; Y
(g-y)e LS &
T £
c) Using v(t) = v(0) + [ v(t)dt we obtain
8 s
e It vin] = e Il lv(o)!
B
=1 o __ ., 0 . 5 ;
+ 92 iT|a(J e YLdO)l/g(I CYO{V(c)deo)l/L
8 i 10
57T S(E-y)7 .
< e2 ‘TIQ}V(O)}+—V? e2 [ %y Ly T e 0

which implies the result.

d) Clearly, Dk is dense in Z and invariant with respect to

T(+«) (cf. for instance [14)).




_7_
From a) it follows that DP is dense in 2. Since Ti(t) 2 = Tit;,
it i3 clear that Dy i1s also invariant with respect to 7T(- .
The inclusion Dk c Dk is eitvious from a) and Propositicr. 2.z =

For the nonhomogeneous equation we have

Proposition 2.4, Let f e L1 (O,m;]Rn) and let x{t), v(t. ce
loc

the solution of (1.1). Then

t
(y(t),xt) = T(t)e + [ T(t-1)(f(1),0)dr, t > 0. (2.6)
0

For equations with finite delays (2.6) was proved ir | z ]

(see also [ 15 ], Section 2.3). The proof for the infinite del:zv

case 1s quite analogous and is left to the reader.

)
e e o e - B T e T Sl T N L T
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:. Legendre and Laguerre polynomials

In this section we state repectively prove convergerice resu.-s

concerning Le—approximation by Legendre and Laguerre polynomia’5s.

3.1. Legendre polynomials

For the convenience of the reader we first collect some well-

known facts on Legendre polynomials (see for instance | 1]). Tre

I VAR ]

n-th Legendre polynomial Pn(t), n=20,1,..., is of degree n -r:

be

satisfies
4 ((1-t2)P'] + n(n+1)P_ = 0, P (1) = 1
dt n n 2 n -

For all n = 0,1,...

P (1) =1, P _(-1) : (-1)"

n
an(t)l <1 on [-1,1], {*.
_n(n+t1) & .y _ ,_. 0 n(n+1)
PL(1) = Z5=4, P (1) = (-1)" 53—
The sequenue P (t), n=0,1,.., forms a complete orthogonal

set in L (-1, 1 Rr),

)
o]
a1
3
"
3

j P ()P (t)dt
-1

The derivative of P (t) 1s a polynomial of degree n-1 and thus
a combination of P (t,,...,P (t)

Po(t) = ] (uj+3)P2j+1(t),

(“j+1)P2j(t),

SR LN L AT R Y “ "."‘ '.. DA R S
L% e '\ ‘. v ~ .
el fr'\...“ ,,',n,.ﬁ _,.. _“ N L _‘_ ‘(. \J\\. RTINS LIRS,

L) [} o/ A} La +

i S
By, 63
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N Using the orthogonality relations (3.2) we get for v
S L7(-1,1; I) the expansion

S < 2)+1 ! ::

. f= § rP., of= 5 [ fie)P. (t)at. :

b j=o 9 J - J By
et “" te the orthogonal projection of f onto span(PO,...,Pr)

¢ h L i-1,13 E), i.e. i

" ) hY

F h I

‘ L] _ A L]

" = % f'.Fj .

)

o>
.'._n‘

: o the rullowing convergence results. When there is no »
N I ©o nrainion I denctes differentiation. s
. Yorouny ko= 0,1,... there exists a constart .
- T -
- . . s
5 . SO ‘
~ ~- LK “wk,E
. : W -y R "
: Fot 1, ,... there exists a constant ¢ = c(k) such i
. -
, - oy <  ir -
-. IL NL\‘/IH wl’(,2 LB
- o o
» \ roy
©W (-1,1; ). ;
4
'2 o Foroany ko= 1,2,... there exists a constant ¢ = c(k) such that
L«
W . N {

B s - . £

yK2

e
| {0

; for all £ e wK*2(-1,1; R). :
- \-
) Proof. a) and b) are special versions of results obtained in [ L }. X

c) is given in [ 7] =

I T N A T N A E0s TH Y T T S e e e e e P T A TR e et R e et g et e e et e
B Ly A o S v
> 'y .. A .. [ e} " 0 20 0 H : 79 a L v B N N -
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3.2. Laguerre polynomials

m

e Laguerre polynomial Ln’ n = 0,1,2,

satisfies

" —+ 3Tt = =
tLy + (1 E)L! + nL_ =0, Ln(O)

The sequence of Laguerre polynomials LO,L
orthogonal in Li(O,w;Zﬁ) with weight w(

(1 for m =

O~ 8

-t _
e Lm(t)Ln(t)dt =
0 for m #

For the derivatives we have in analogy to

é% L =- 3 L., n=0,1,...,

) -1
(as usual ) = 0).
J=0
In order to derive convergence results

...y is of degree n z-3

1. (3.4

EREE is complete andg

t) = e, t >0,
n’
(3.5
n.
(3.3) the formula
(3.6

analogous to those of

Theorem 3.1 we need some preparation. On the linear subspaces

B = {v ¢ cek'l(o,m;:m lv(zk_l)

(3)

lo

on [0,=), t™v € Li(O,w;IR),

and 1lim e-°/2tmv(3)(t)
£ oo

=0, m

k = 1,2,..., we define the operator B by

(Bv)(t) = tv(t) + (1-t)v(t), Vv e B, -
1
Lemma 3.2. a) Ln € Bk and Ln = 5 BLn for n = 0,1,2,...,

k = 1,2,... . Moreover

cally absolutely contiruous
m=0,1,..., J = 0,....,2k,

= 031,00ey § = 0,.0.,20-17,
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5“
£
Ay
B
- N : -
R BYv € Bl’ J = 0,...,k-1, for all v e Bk' (.7
c:; 1 ]
Wl ¢) Let v ¢ C (0,»; R). Then Vv ¢ Bk implies v € Bk’ K = 1,2,.

N ¢) B is symmetric in Li(o,w; R).

1,4

B

My, Proof. The first part of a) is trivial because of (3.4). Let

5\ j . . . .

E\ Vo€ Bﬁ. Then BJv is a linear combination of terms of the form
a8 :
e’: tuv(f , b0 = 0,1,2,..., v = 0,1,...,2), and therefore tm(BJv)j zr.d

+h £™(B)v)" are linear combinations of terms of the form t”v(v’,
20 pw = 0,1,..., v = 0,1,...,2j+2 < 2k. Then the result 1s obtvious.
LEN —_

;& t)We only have to prove My € Li(O,w;jm), m=0,1,..., and
\Q e_t/gtmv(t) + 0 as t » o, m=20,1,.... Since trivially

3 t™v(0) e Li(o,m;:m) and e-t/ztmv(o) + 0 as t » » we only navs

to investigate £ j V(t)dt. The result then follows from the

'E; estimates 0 !
& ® ¢t om ¢ 2 ® _t om+1 & 2

L . [ e e ™ | v(o)dr|at < [ e Tt ™Y [ V(1) |“drat

N - 0 0 0 0

- 7 mte 2

3 = | V() [*pla)dr < =,

<3 0 ]
by where p(t) 1is a polynomial of degree 2m+1, and

‘:J . =t/2. m L. -t/2,m+1/2,

Y e t [ v(g)dt| < e t v 5. ]
o/ 0 L 1
n':: w

e d ¢) Density of Bk is clear by a). Let wu,v € Bk' Then
- -t

o e “(1-t)u(t)v(t)

o

- z e-t/2u(t)e”t/2v(t) - e—t/etu(t)e-t/zv(t)~>0 as t -+ ®
)

o '
vy and also

e
Y -t —t/2, -t /2

ot te “u(t)v(t) = e tu(t)e v(t) + 0,
.

Y -t .

N te “u(t)v(t)-»0 as t + o,
.‘- \
’::5.-1- R P I I S T IR TR TEELe - R q*. -« n "i.’\(hﬂ- " g LI R I .A\_-t_-_
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Therefore by integration by parts

<Bu,v> , = e "ltu(t) + (1-t)a(t)Iv(e)de
0

L
W

= - w(0)v(0) - § e Pr(a-t)vit) + tv(t)lalt)at
0

e b i(1-t)vit) - (2-t)v(t)Iult)dt

!
O~ 8

e™"((1-t)V(t) + tv(t))u(t)dt = <u,Bv> , =
L
w

H
O« 8

We now are in a position to prove convergence results for
Laguerre polynemials similar to those of Theorem 3.1 for Legendre

polynomials following the approach taken in [ 4 ]. For

o

L= § oul e Li(o,w;m), u, = J e fule)n, (t)dt, k = 0,1,2...,
k=0
let uN be the image of u under the orthogonal projection
Ph‘ L (0,23 R) ~ span(L LN), i.e.
N
uN = PNu = Z ukLk'
k=0
Theorem 3.3. Let u € Bk' Then
[u_uNizi—i—KlBkulzs N =0,1,
Lw (N+1) Lw
Proof. Using Lemma 3.2 we get
u. = <u,L.> 5 % T l <u,BL.> 5 T - l <Bu,L.> 5
J J Lw J J g, J J
1.k _k
= s.. = (- =) <Bu,L.> .
(- 3 ST
w

This implies

-

T e T R A I o S A" -(' DS SR
*!"r,‘f-\_ HF"\:;-_' PR ke -'\'-'ﬂ \J'&" ‘1’.‘(.’ L v
154 20" M. ) » AN, A ATV b B adi

R A



- 13 -
)
\)
¢
3
X
! ‘ 1 Lo ol o o] 2
L4 H° S uP lg’j = z iquz = % |<BkusL'> 2‘
§ LS j=H+1 j=N+1 j JoL
- W W
k. . =< ! 2K inUl22, N = 0,1,... L]
(N+1) L
W
i)
S It will be convenient to use the notations D = é% and
) " = p'p - ppM.
Q
) Lemma 3.4. a) For any u € span(LO,...,LN)
¥
|Du | < NJuf 5, N =10,1,2,....
s L2 L2
, W W
: b) For any u such that u e Bk
- —
| N V2 K-
\ [K ul < —— |B ul N = 1,2
g 2 = k172 27 €
- w W
. - N =
c Proof. a) We have u = ) uJ.LJ and using (3.6) 3
: j=0 -
g N ) N j-1 N-1 N -
Du = )} wu. = - ) u. 1 Ly = - Yy (1 u.L »
j=1 9 j=1 Y i=o0 iz0 j=i+1 J 71
;E Therefore by Cauchy's ineqguality F.
: , N-1 N , N-1 N N 5 .
b |Du | 5 F L) uJ) <} C 1 uC Yy lu b
Lo 170 j=i+1 iz0 j=i+1  j=i+1 Y
; - N N j-1 .
. 2 2 o
: = ) (N-i) ) Iujl ) Iqu b (N-1) -
" i=0 J=i+1 Jj=1 i=0 =
N N o
2 N(N+1 2 2 2
L3y 1wl < =5 L ul?, < Nl
j=0 j=1 L L
- W W
b) Let u= Y =z.L.. Then .
. = J K
f J=0
N N A
PDu= § z.L (2.8
. jzo 99 ]
k- =

-

g e e e
\."‘ e, .
~

Nt
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N
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: We next compute the Fourier-coefficients of [ u(o)do. Sirce -
! . 0 o
b u € Bk we have for some constant ¢ > 0 ' ;
i :
:& la(a) | < ceT/g, T > 0. 4
' .. . -
This 1mplies ”
11 X
‘. [«'<) -1 T . a _ T/2 t
& [ e "L, ()] [ [U(o)]do < 2¢c [ e "|L.(1)|(e" "“-1)ax
0 J 0 0 J
'{ < 2c e_T/ziL.(T)dT < . :.
W 0 d :
'ﬁ Therefore we can use Fubini'sjtheorem in the following computzatiors.
For the moment we put w. = I z.L. and get
e J . i7i
X i=0
\I <o _ T . o0 . a0 -1
- f e "L.(1) J U(o)dodr = [ G(o) | e 'L.(t)dtdo :
0 J 0 0 o J X
' ] © J : J : '
S = [ e %(c)( ) Lgl)(o))do = <u, § L§1)> 5 .
2 0 izg Y izo 4 Lf o)
W, W 4
g . . .
- . J RN o _ . J . N
= W, ) Lgl)> 5 7 [ e %w.(a)( } Lgl))do "
’ Joiso Lt 0 b is0 Y
w ]
. oo -1 T . :
[ = J e L.(1) fWJ-(O)dOd‘[. N
. 0 J 0 :
2 :
e From (3.6) we obtain d
-, T -
. J Ly(o)do = Li(r) - Ly, (1) X
" 0 X
) ¥
A and therefore
) T, J T J
- [ w.(o)do = ) =z, § L.(o)do = | 2.,(L.(1x) - L, .(1)).
.. o J izo 1o 1 izo * 1 1+1
-
K X
L4 ~
;’ ‘
l .
' -
&
. :
) . NI I S S IR IS | o Mo TRl W P T -.:‘I"’
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"sins this above we get -
e L.{(1) [ u(o)dodr = % z.<L.,L.-L, > x
0 b0 izo ! 1Al g2 <
w lod
( ) ] y
) i zJ zJ._1 for j = 1,2, ’ "
- ,
Zg for j =0 o
-
T -]
Freom o ou(t) = u(Q) + j U(o)de we obtain N,
0 ) -
C=(u(0) ¢z )L+ T« )L 3
uw o= (u 200 e 4 25 ZJ-l 3 F.
::
and o
\ N A
ut o= PNu = (u(0) + z. )L + z (z.-z. )L 4
0°70 . J “J-1
J=1
Using (3.6) this implies 4
) T :
DP'u = (z._,-z.) L. = ( (z. .-2.))L. “
j=1 9T 9 40 iz0 j=i+1 J71 07T E
N-1 o
= ) (z.-2,)L..
i=0 1 N 1 N
This and (3.8) give R
N N-1 §
kNu - 1z Lj - ) (z,-2) )L '
j=0 ‘ J=0 -
i
Nil N N
=z L.+ zyL. =z, ) L
NN T L PN N Zp T
Using Theorem 3.3 for N-1 and u we get
2 hs . -1.
IKNu|2, = (N+1)jz 1% < (N+1) ¥ Iz.l2 = (N+1)|u-PN 1ui2
2 N . L J 2
L J=N L
W W
N+1 ke 2 2 ke 2
< IB u |B u -
= K 2 = 2K 2
w W
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o
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K32
e
S
s Theorem 3.5. a) Let u be such that u(Q) € Bk' Then the
o . . .
qi fellowing estimate is true:
% -
. *.:.\
o
BT 2 N C
e } -— —_— =
‘ 1D (u-u )|L2 = Jkerizz o N 2.,
oty W
y '{‘-,’ : L
‘}g for & = 1,2,..., where ¢ = C(jBkui 2,...,]Bku(g)i 2).
NN L L
s . W w
B4 b) Let u be such that u € B, - Then for any T > 0
‘.-! " ol I\] é
o - =yl
s L"(0,T; R) ~ nNXT1/¢
bt
%:ﬁ where ¢ = c(T,in&! 5).
L
+ - w -
G2 ¢) Let u be such that u e B, . Then
N
SSRN , N 1 k-
TN (u(0) - (PTu)(0)| < — |B U] 5y No=1,2,....,

% N L
] W
Proof. a) An easy induction shows

‘ §
p* - p*pN = p* - pMpt . g

DIkt iy o,
Using this formula, Theorem 3.3 for u(g) and Lemma 3.4 (note,

that KNu € span(LO,...,LN)) we get

D (u-uMy | < ——l——g IBku(E)l 5
\
Lw (N+1) Lw
EC N K (2-j)
tL N s (BT | 5
J=0 N LW
/o '} .
: <o L 18U
i — k-2+1/2 .2 2
'iﬁi N J=1 Lw
>
-+ . .
jck: b) Since |u| 5 < eT/2 >s the result is an immediate
W L™ (0,T; R) 3 Lw
consequence of part a) for ¢ = 1 and Sobolev's embedding theorem.
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g ¢y Let u

"
ne- 8
<
o
[8V)

o
Q.
<
1"
||.M 8
N
ol
-3
oy
(¢
=
)
(@]
w3

J o= 1,2,...

-t d [yt
te (3% Lj)u(t)ct.

QO«— 8

)

\

‘ .

{ Using
)

we get

Then

. ©wo) - Ny

n
)
(@]
|}
"ne~-1Z
et
1"
c
~~
o
SN
|
c
(@]
!
|.M

N

There fore

e

lu(o) - (PNu)(O)I2 = |z

__‘,
-
2z
N
[
e~ 8
N
Ny

—;.k— l(BkL.J,LJ.> ,2 < _L_
J Li N Lw

)
J=N

-
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4. Formulation of the approximation scheme

Following the general outlire given in (12] or [11] ve formulate
the approximation scheme for problem (1.1) using Legendre anc
Laruerre polynomials. Throughout this section we replace the

welghting function ¢ as defined in (1.2) by

1 for -h < v < 0,

g{t) = (&.2)

eB(T+h) for 1 < —-h,

where as before 8 > (0. This weighting function gives the same

space with an equivalent norm as the one defined in (1.2). Let

r. =h.-h, ,, 1 =1,...,p, and define the functions ¢.,
1 1 1-1 1

i = 1,...,p*1, by

1
= 4 -h. -h. 4.2
¢; () r’i(hi-1+hi+2”’ Ry £ < mhy g (5.2)
for 1 = 1,...,p and by
1
|
¢ . {t) = -8(t+h), 1 < -h. (&.3) 1

Trivial computations show that the mappings Oi definec by

Oix = X0 L., i=1,...,p+1, are metric isomorphisms
n i \
L2(-1,13 B") » 1°(-h ,-h,_ s ®"), i = 1,...,p, and L2(C,=; E") -
Lé(-w,-h;]Rn), respectively.
We put
Pj(ci(r))I for -h, < <-hi_1,

s i A
)} 0 elsewhere,
o

i=1,...,p, J = 0,...,N, and




XN,

)
N o

-1‘1' PR

i el = -
R s 8
P 3 M R

*x
-

o)

elsewhere

J = 0,...,N. Furthermore, let
- = 3 . = 1 = 1=z N
€50 (1,0}, eij (O’eij>’ i 1,...,p+1, J 0,...,N,
N "N ~ - -
EY = leggserene g y)s  E (egp2€q027 5Cp.1 1
and
YN = spanf(e . e...), 1 = 1 p+1
i 102 PTINT? etk
N N N
Yo o= Y1 Ce Yp+1,
A :LUNIE (6. e e )
= = span(eg ys€qgo- - P+l N7
Let ph: z - ZN be the orthogonal projection. The coordinate
vestor ah(pN¢) of ¢ = (¢O,¢1) € Z 1ic given bty
N, N -1 0 1 1
a (p'¢) = (Q) "col(e y<€g159 7 2""’<ep+1,N’¢ > 2),
L L
g £
where
N N 2N e . N N 1 W s
Q" = <EL,E >, = dlag(I,qu seessTa g In(N+1))’ (4.6)

where In(V+1) denotes the n(N+1) x n(N+1)-identity matrix and
N 1

AN ;T(<eij’eik> 2)j,k:O,...,N 13 given by
1 L
£
N .. 1 1
q -dlaf?’,(l,B,...,m)GI.

N . .
For later use we note that for ¢, ¢ € 72 with coordinate vectors

! N .
Gr(®), a (v, respectively, we have
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Following the generzl scheme as outlined in

we introduce the approximating delta-impulses

P N-1M T

}u
I
O
-
.
.
-
ot
&
.

(121

6"
1

Easy computations using (4.4), (4.5) and

or [11]

(L.6) show

N 1 - - , .
Y. T g col(C,a..,0,1,%,...,2N+1,0,...,0) & I, i = 0,...,c
i+1
where the nonzero ertries occur at positions 1 to i+N, and
N
o7 e col(0,...,0,1,...,1) & I.
N

For later use we compute the norm of &, considered as an operatcr

n 2

R - Lg' Using (4.7) and the explicit representation

above we get for x -« Pﬁ
N (2 NN T, NNT N N
}éix[Lg = <6ix,cix>L2 = X (yi) Qv x
£ E
N RN
= 2 ] ey s UK
i+1 k=0 i+l
for 1 = 0,...,p-1, i.e.
N 1 1/ .
e = (=M, 1= 0, p-1.
i+1

Analogous computationc give

_ (N#1.1/2
pl * (=) .

x|

for yN

iven
3 g

(L.8)

(L.9)

5 %

]
»

“3 A Tty Ty Y oM

LI B
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\‘
\!
N - 21 -
1‘:
" A2 in i {see proof of Lemma 5.1) we obtain
- N1 T : o
x <éix,¢ >, T X (—hi—O), i=0,...,p, (L.1o,
’ L
£ N
L) cor x ¢ KD and ¢ € Y. In analogy to the definition giver,
" . 112l for the retarded finite delay case we define the
- N
. ipyroximating operaztors A bV
) 0
N ) \
- (A‘¢)O = AJ¢C + % £~‘;¢1(-h.) + B(T)él(w)di)
. ) i=1 7 + -
- 1 0 1
g + E [{i¢ (_hi) + J A(t)e (t)dr (4.11°
o R 1 0 o
: = hgeT ¥ igl(Ai+AOBi)¢ (—hi)+-£[A(r)+AOE(T/]¢ (1)d1,
M1 dt.1 . LN, .0 .1 E 1 y 1
. (A7¢)" = ==27 4+ 6 _ (¢ "=¢7(0) + B.¢ (-h.)+ [ B(1)¢ (1)dt)
adt 0 i1 1 it
s (4.12;
N,. 1 1
" + § §.(¢ " (-h.) - ¢ (-h.-0)),
- iop 1 i i
y 1 N
for ¢ = (¢O,¢ ) € ZJ.
: . N L
o The approximaticn 2z (t) to (y(t),xt) is given by
.
- N t N
- N y -
(t) = P ToNe o [ P (0S)(p(syonas, ot >0,  (a.13)
0
:-: l1.€.
- -1 N N
\ z'(t) = Az (t) + (f(t),0), t > 0,
-~ . N N
.: Z (O) = p ¢.
- For the implementation of the scheme we have to compute matrix

representations [AN] for the-operators AN. As in [12] we get




)
Y,
1 y - 22 - )
iLs,
.n'
b
.
i:‘l‘
{ N N, -1
(A7 ] = (@) ' s (L, 12
koo where
\:,
\..- N ’\N ~
e HY = <E",ANENS .
: Z
o
:. Using the definition of the basis elements and (4.11), (L.12) we
L)
:l get
:f N @
» _ N
| Aegg = (Agaty)s
; N- +1 *
5 Ave.. = ((-1)*1(a.+A B, az
Nj ij ) ( i AO 1) * Aij ¥ AOBiJ" dr eij
N N i+l j+1 N N
£ 6, ((-1)Y7 B, +B, ) + (-1)9% sl -
) 0 i lJ) (-1) 61 di-l)’
13
.J j
.-:j 1 =1,...,p, J = 0,.. >N,
‘. ANé _ (A . A B d+ N \J -
ol ' pr1,d " Tpr1,d T f0pe1,i dr Cpe1,g T foPper,y T %p)
::'_. J = 0,...,N, where
c “i-q
f i n(T)eiJ.(T)dT for 1 = 1,...,p, ,
“~ A = -h' !
) i3 1
o ¢ | b
i: -i A(T)ep+l,j(T)dT for 1 = p+1,
)
and
™ :
3 ( Ri ‘
.\,ﬁ | B(t)e; (t)dt for i =1,...,p, :
..- "h. it
- - l
e B,. =
-0{ B(T)ep+1,j(T)dT for 1 = p+1.

- |
TN
LI .‘f"

P

AR

'y




- wTy

K- :
- - 23 - :
-, ;
b :
25
.
o,
il 2 B G s o 1 i £ g (=t v
o Sinee Spoe. 18 oA tolynomial of degree k-1 on ‘_‘:i’-“i-l)
. for 1 = 1,...,p and on (-=,-h) for 1 = p+l, respectively,
.;: we cet immediately from the orthogonality relations (3.2) ard (7.7 :
148
<e Q e > = 0 for > k (L ac -
; ij? dr ik L2 ) 4z v
'.\ & i
,.‘ In case J < k we get
Yo
8 -h--l
d+ - 1 . _ 1+1]
N <eij) a? elk> 2 b j ei‘?(‘t)eik(’[)d’( - (1 ( 1)
L L\_ -h. ~
n:‘ ks 1 K
o at _ J+b. . '
X ®ikar 3572 T (DT, 5
.- g .
- i = 1,...,p, and similarly
:J *
_'l d+
- _— = ) O .
: pe1,i0 ar Cpr1k’ 2 T (412 :
- Using (4.10) and the definition of the basis elements we obtain -
4 _
- - N- -
[ €ggof €pp7z T Ao 1
e aNe. > = (=1)) (A.+AB.) + A.. + AB.. L
3 00° ij 2 i 071 ij 071’ N
iy A
T 12 1,000,p, 0 = 0,...,N >
& .
e aNe > = A .+ A B .3 = 0,...,N
| 007" "p+l,J 2 p+1,J 07p+1,j° Pt 4
. -
108 - N- } .
: 1J A eOO 7 = I, J = 0,-.. ,N,
v
- N~ _ d+ _ k
N : ejrh ez Tty T3 e1k>L2 Lo (1B + By -
“ g -
‘ -
: J ,l( = O)’ )N) '_‘
4 2
- - N: ] K,
.: ergahiegy s (F1TBy ¢ By, _
\ -
) :
‘ ‘.
A N
iy
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SNy

i+1,]°

i

= 1,..

From this and (4.15), (

where

J‘-‘;’."d'd'*'if

.

7]

4.16) it follows that HN

e
fa

AO R R ap+1
N N N N
3 ' h ®I+81 82 et et 8p+1
0 kNxI hNQI 0] 0
| ‘
hN®I 0
N N
0 0 0 ksl hp+1®I
(Ai+AOBi+AiO+AO i0 (A +A B )+A O 11,..
4
- (Ap+1,O+AOBp+1,O""’Ap+1,N+AOBp+1,N)’

.,b. All other inner products are zero.

is given by




i T
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¢

' 1 -1 (-1)M) 1)

':‘ L ‘ [ l cRFDXQe1) N ll' -
E 1 -1 (-)N 1)

&

.- (
W 3 N 1o oo Bin
o Bi =k 6Bi + l l R 1 =1, sD s
) n
; BlO “iN
B
. N ( p+1,0 Bp+1,N}
L\ B = l l l 3
‘ o J
; Bp+1,0 Bp+1,N
” (—1 1 -1 ... (-n)N?
:. h“ - ’ | -1 EIR<N+1)X(N+1)
‘ . 1
- -1 -1
! and
L |
] [—1 0 ——0
E N \\\\::::::\ I ¢ g(N*1)x(N+1)
p+l

R,
Y 0
Ly -1 — -1 ,
* . N . . N »
; The coordinate vector w (t) of the approximations =z (t) € Z
. to (y(t),x ) is the solution of
?
3 Wey = NN e) + f(e)eo1(z,0,...,0),
:;- (4,17
. N N
. . w (0) = p ¢,
A where col(I,0,...,0) emn((N+'1)p+1)><n.
. 3
\ :
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. O course, the subspaces Yi need not to have the same
. \
o dimension, 1 = 1,...,p+1. We could also take Yg = span(ejo,...,e., )y
N . . .o . . =
Vo i =1,...,ptl. The resulting modifications are obvious. a
e
hrl~ Of course, it 1s also possible to choose g(1) =eBT, 8 > 0,
ey and to defined (1) = -Bt, 1 < 0. Then Oyx = xor¢ defines an
'&% isomorphism Li(O,“;]ﬁn) + Lé(—“,O;]Rn). The basis elements of Z°
1dN .
N are defined by
_v
G ei(T) = L.(z(t))I, v <0, §j =0,...,N,
‘.‘.‘.\ v J
".".’\
v and
= 5o = (1,00, éj = (0,e), § = 0,...,0
N N N n N .
o Of course, Y = span(eo,...,eN) and Z = TR x Y . In this case
LS
'tjf we have '
A N . N
S Q" = diag(I,q"),
RS
A S
e where qP =2 diag(I,...,I) e:mn(N+1)Xn(N+1). We only have to
Ca e, . . N . N -
! introduce i (eO,...,eN)y0 with Yo © 8 col(I,...,I). Anzalogous_y
a t 4.9) get
" # o (4.9) we ge
)‘. -":
e N (N+1)1/2
b ! B :
S "
_ The operators A are defined by
ZE:E} (%)% = a 604 ¥ (nea B yel(-n, )4 ?[A(T)u\. B(1)lo>(1)dr
'h:;:f -0 19 i 7071 i’ _2 "0 ‘
o . (4.18)
- N 1«1 % 1 0 1
w (A"6)" = 6 v s (e%-01(0)+ § B ot (-n )+ [B(O6 ()an)

};:5 i=1 -
1

I; for ¢ = (¢O,¢ )« ZN. Again [AN] is given by (4.14). By analogous
'Ahn computations as in the previous case we obtain

%
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) + A, . + A B

(A +AgB e (-h 13 0515

k
0 0

G _c{ A(T)e (1)dr, Byj = fB(T)e (t)dr,

—

col(I,...,1) e gN(N+1)xn

—_—

mn(N+1)Xn(N+1)’

IRn(N+1)xn(N+1)

P
) Be.(-h ) + B, .,
k=1 kK™J k 1J

Again the coordinate vector for the apprcximations is governed
by (4.17), where now col(I,0,...,0) szn(N+1)xn.

As will be indicated at the end of Section 5 the scheme determ:r
by (4.18) will need more smoothness on the initial data compzred -o
the scheme defined by (4.11), (4.12) in order to achieve the same

rate of convergence.
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s c. Procf of convergence for the approximation scheme
s
'\: The Tollowing assumption on the matrices B,,...,HE will te wooas
\-‘. 1 p
QO

A

AN {n) There exist numbers Aj >0, j = 1,...,p, such that tre
- npxnp-matrix

o

i (B,...B)T(B,...B ) - ! diag (), I » )
:::: \1...p 1...p D g 1 ,...,;‘

ot 2(1 + AJ.)

is negative definit. J=1

S |
Ay
L%_ Hypothesis (A) is certainly satisfied if IBjI, J o= 1,...,0, is
'?H sufficiently small. Moreover, by a transformation

St

ol vit) = e_atx(t), a > 0,

-F\..‘

v

-l"-

:$ we can always transform system (1.1) into a system such trzt (.:
8. .

1z satisflled. Let A, B satisfy (2.1) and let @1 € L;(~a,6; =

T where g(1) = eBT with some B € R. System (1.1) is equivalers
o ‘o
.:“.. 0 t t

o [x, = o + { Lx ds + [ f(s)ds, t >0 a.e.,

C 0

:ﬁ x(t) = ¢ (t), t <0 a.e

s

~°s
b Then y(t) satisfies

oY _ t _ _ _ L

o Doy, = e b0 [ e alt=s)y y dx + e °F [ f(s)ds, = ~ ¢
ey a“t 0 a" s 0 -
1]
dad t 1

! -at
e yit) = e “ol(t), t <0 a.e.,
P where
SO

o -ah. 0 a1
o Dy = y(t) - % B.e Jy(t—h.)- j B(t)e y(t+1 =1,
&N a’t Ty J J o

. J

2

-

I.'u‘

o

ol
N
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'1
)
'
W 1% -o«hi 0 ;
) I Yy z Z hoe “v(t-h. J A )e y(t+1)dr.,
" 1 ‘j:U e} t.] -0
L)
" . .
LolngT the eguatlion for  y we get
Y
- : ¢ -as 0 t ° -—a(s-1)
o [ D yds = { ae "Cds¢ + [ a | e L y dtd
P
'.. N O O O
.. t t
’ 0 -at -a -
5 = - ot 0 [ e (t-s) y ds + [ I v d:
3 0] 0]
_p b b .
- e %7 [ fl:)dr + [ e Tf(e)ds.
59 C
X'
", Toerefore v satlsfles the equation
N
. L t
G ’ -as ‘s .
; Dov. o= ¢ v [ Ly ~=aD y )ds + [ e flslds, t - O ~.e.,
. IR ’ a- S a” S -
~, U O
:. -at I
. v e ¢ (), t < 0 a.e.
L
. aT a1 a7t . .
irw' Faoy computations shiow that e A - g B and e B oare oo
! L . -at 1 2 n - e
2- —=a 00 T una e ¢« LE(-m,O; I ') where g(1) = = , T
a. ’ N :
; . A . .
"W P T = e [t > 0. The main result of this poar
" AR SCETS
~ . . . .
N Ttenrern c 1. Juppose that (A) 1s satisfied. Then
s
L)
R . N
. bir T7t)pte = T(t)e, t >0, ¢ € Z,
2’ Yien
]
b tre lirmit reing uniform on bounded intervals.
v
The resuit immediately follows from t Trotter-Kato-T"reorer
: a0 for incvarce contalined in [14]. The assumptions of this
J - . . -
3 troorem will be verified in the following subsections.
‘Sl
*.
&
o
L
‘:'
. #
i
:'1 .
._4 [l
. Y PRI Y YO A AT /SRR : T SRR
,s.\ -&h‘lthiwsl.‘iﬁ ai"mh:.&rAM'J . A T S LMMMJAMLMJAEA? “ "AM L" A....\.‘:E.-A{&



».1. Statility of the scheme

In order to prove

500w that

N
<A ¢,¢>~
E

where « 1s independent of N and

inner product resp.

£ such that

ey | <Me ", t >0,

< wid

o MO

<e e>. resp. |

and are equivalent,

& Z

C .
{ ?(r)‘o (1)° dw We choose
p
(1) = g{1) + .E,Aj tfor T e(—hk,—hk_1),
Jj=k
K=, ,p+1 (hp+1 = oo).AIt is convenient to put ay =
¥k = 1,...,p. Since (¢O,1+5é5)¢1) € ZN‘ for ¢ = (¢O,¢‘,

we immediately get

= 0,...,p. Using this formula we get for ¢ € Z

[

>

N
= <6jx,(1+

T
Jo's = ax ¢ (=n,-0),
L j J

2
£ g

T % (A, +A_B.)¢  (~h.)
LR R j
J
0 1 T.0
+ f(A(r)+AOB(T))¢ (t)dt]
0

e e & T (oar

0 1 0 -
+ a1(¢ -¢"(0) ¢+ z B ¢ (- h )+ JB(T)¢ ()
j=19 -

+ J21QJ*1[¢ (<hj)- ol (- ~h-0)]

1o (-h.-0)
J

correspcending norm on Z for a welgorti

Tt
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tere and in the following ap+1 = 1. We shall reed the estimates

, O 1
P AT rRgE(T) )0 (1)ar]
0 1
‘ f|A(1)+AOB(r)1 —175
A - g(1)

g()1 26l (1) ax (5.

| A

A8

‘ol ; , 1
S | ! I

b = AR ! L L LE
’ 1/g g 1/g g

7 o )

7 o B(T)®1(T)dTi: | B 5 | ¢ 5 (5.
LA -« L

2 1/g g
Furthermore

1
|
<A+ aBl 5 e

Ul
-

: , c .
fatoE e mel(mar = 3 f a0 & fel () (%ar

2 dr

* Y S - _h'_
S ST BT 4 200 4 1§ G TR 42,
< _&% ds - J_
1 J=1 h.
! J

h
Jes(h+T)|¢j(T)]2dT

B, From this we get

1 1, 02
| ¢ (-hj) 6 ( h 0)|

»
A
A
—
+
—
I
[
[+
" e~10

LS

P
_ 1, . 12
’21(aj+1 uj)l¢ ( hj)l

PN
c

l‘. Y
<!
+
SIS
~10

P
1 2 1 1
ajle(-n, =0 - 5 jg aj,ql07(-n;-0)]

1

8(h+T)|¢1(T)l?dT

- -h
. 1, .1 2 B
Ny +§¢¢ (-h-0)|° - 5 _£ e




- 3(‘) -
1o 2 1 % T, ooy, e
- 2 ull\f (O)i 2 L J'+1!¢ ( h') ¢ ( }/]- O)
J=1
1 K C 1 > 8D g(her) 1 2
-5} Ao (-h)] -2 Je le " (1)] dn
':1 J J 2 — o
J
For I, we get (also using (5.3))
-~
o) 0
Lo ta e s T oseten « f B(oet(nar)?
2 . b J J
J=1 -
- !¢o - Doll2 - ]¢1(o>|2]
2 7) b 1 2
< 2a,(1+ |B] Yels + o |1 Be (~h.)]
1 L2 g 1 j=1 J J
1/g
Q o
1,0 12 Y10 2
5 e D¢~ | 5167 (0)]°.
Using (5.2) we obtain for Ilz
0,2 0,,.1
o< dagllen 1o+ fa+ aBl 5 le lle]
LS
1/g g
D )
1 ,.0,2 2 1 2
= e S Y A, + AB.IS + e J e (-h.)|°.
he j51 0] 551 J

By hypothesis (A) we can choose € so small such that

1 2, b 1 2
slet(=h) % +e § Je7(-n )% < c.

E Iji By¢  (-h ;)1 -3 h

j=1 J=1
Alltogether we have
N
<A ¢’¢>A
g
(5.4)
, . 1§ 2 2 2
(,AO|+|A.AOB]L2 + ug{:1|AJ+AOB.| +2a1(1+1B|L2 Ders
1/g v 1/g
for all ¢ € ZN.
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The prroo” of (5.1) in case of (4.18) is quite analorous. Agair
. . . . ~ . B1 -
one uses the weighting function g (instead of g(1) = e z

in this case).

5.2. Consistency of the scheme

! Ir this section we prove

p ¢ » ¢ as N » o for all ¢ € Z (5.

(1]

ANph¢ + A¢ as N » » for all ¢ €0 (5.€)

where [ ¢ dom A 1= such that (XI-A)P 1is dense in Z fcor
£

"ficiently large.

i Ey Lemma 2.3, d) the sets Dk’ k = 1,2,..., satisfy Dk c dom -~
» and are dense in 2. since (AI—A)Dk = (XI~A)Dk and Dk = dom £7

j we immediately get

(A\I-£)D, = D, __,-
Therefore the sets D .
¥ U. .

Let nN¢ = (¢O,¢N) for ¢ = (¢O,¢1). Then using Proposition

k = 1,2,..., dre appropriate candidates f:Ir

N
N
-

(4.,11), (4.12) and ¢ € dom A we get for ¢ € Dy

p
N N 0 N 1
(A"pTe - A®) = 121 (A;+AgB; ) (67 (~hy) = ¢7(-h;))
0 N 1
+ (A(T)+AGB(1)) (¢7 (1)=¢" (1))dr,

o 'x* AP T S e e T e e I NI

y‘-h".. ST Ny B P Pl AL . R D . . o . W & B o
S NS j! " N\ e .‘_r\ri_a\-n. R AU S S e T T S R A R SR




g T~y
[T Loaa A an . aa - TRy« LAR Cas Vap .ok sah wag i Yy " T .-..9"‘1'._."1

W e «

A

"‘
._\‘:-: - 4 -
%
.ﬁ":
7,
rl
""' “1 ¥l ] * 1
' (Ap'e - ;\:)1 o4t ¢1 + srjml(o)wN(O)
- dr 0
.
X £ 0 ; ’
e - .1 N , 1 I .
¥ = 1 B{e (=h)-e (-h.))- [ Blu)(e (1)-0" <) i
i e -
p
N, N 1
) + ) 87(¢ (-h.) - ¢ (-h.)).
A . & i i i
i=1
)
S, .
MON Therefore by (4.8) and (4.9)
::"?
N . p v
|a7pMe - ae_ < ({A+a,B] e B, et -6
; .\.’ g - O L2 r'l/g L2 LL
ot /g 1 1/¢ s
Y N+l | 1 N
* 1
o + 375167 (0) - o (0)]
! 1
- p-1
“ e 1 Cagea B (s v e en-eNns
1/2 1 Z
i=1
T
T N+1 N+1,1/2 o
- l ~-n)
PN + ('Ap+AOApl+ 1/2|Bp[+( 8 ) ) ¢ (- h) ( o
r
A - 1
SO pl 1 N
N f ) ) g e (ehy) = ¢ (ohy-0)
e 1T i+1
L
N+1 1/2 dt, N 1
(—= [ot(-n)-e" (-n-0) |+ 1S5 (eN-41) ) .
B dr 2
A7 A L
e - £
't':- For a function ¢ ¢ 2(—«» 0; R") we introduce vo T w][-hi,—h_. 1},
R A N -7
::.,- 1 = 1,...,p, and Yoe1 ° | (-=,-h). Let mi, 1= 1,...,p, resp.
) be the orthogonal projections L2(-hi,—hi_1; r"”) - YIi\] resp.
;.::,.. 8(—«» -h; Rr" )y - Yg”. Furthermore, we denote by oN resp. o
'_-_;'\-"_ the orthogonal projections L2(—1,1; IRn) + span(POI,... ,PNI) resr.
‘; Ld(O,m;an)»span(LOI,...,LNI) (recall w(t) = e~t).
— Since “Ii%i = ¢>I§, i=1,...,p+1, we have to prove that as N = =«
AT '
Y 1 _ N1 .
0N Nfey = miosl 5 ho*r 0,1 =1,...,p. (5.7)
2 -h. ,~h. .
S, L™ ( hl’ hl—l R
. 1 N 1
2SN Nj¢ M b > 0, (5.8)
OO prio Pl 2w ony R
A5 123 ‘
y!
Povs }

B
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Soh) - (rf eh)(<h.-0)] » 0, i =0 p-1
AR 1+171 i ? > ’ ’
1 N, 1 .
Ix] ‘:‘ (_hi) (ni¢i>( h )l - O 1 = 1"‘ ,p’
ST N .
. N LA pHM -h-0)| ~ 0
0] - e ho 0,17 1,p,
L (-h.,—hl_l;ﬁm )
and
- d 1 N 1
(¢ - e ) > 0
T p+l +1
~ PHLP* e (ca oy BT
) 128
for ¢ L. in order to establish IAN N A¢|g + 0 as
. for o © D
¢ It 1is easy to see that
NN -1 ) N -N_-1
{7 ¢ oi , 1 =1, ,Pb, and np+1 = Op+1o e D41
Moreoverr,
r
~ i.1/72 . 1.1/2
‘L'i4 - <'2_) , 1 =1, sP s ] p+1] (E) 5
P 2 \1/2 . -1 . o 1/2
l(}i po= (:) » 1 = 1,...,pP, |Op+1l 8 .
3 1 2 n _ .11 . .
For ¢~ =« LE(-m,O, R ) we put X; = Oi ¢i, i=1,...,p+1.
Lemmaz 5.2. a) Let ¢ e Dk. Then x. ¢ whod(-1,1; ”™Y), i -
r.
and YfJ) = (f% ((¢ (J)) j = 0,...,k. Moreover
N1 (3) _ 2T U TN G I
(s moel) 2 (ri) Oi((xi o Xi) Yy J = 0,...,x.
v, let 4 F Do, . Then x ¢ B and (J) . (-14dg71
2k p+1 K X - =)0 L, ((s

Moreover,

§
ny

'A\
AN

~ -
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»,t_ -
he ‘
) N : 1 (3) _ J _ N (J)
b (001 7 Thei%pat? = (80700 (hxpyg 7 0 gy T
i % 0,...,2x. If in addition ¢ € D, . then also x ., € B,
t:i’ “~ : 1 n a T '
e ¢) Let ¢ € Z be such that ¢ € C(-=,0; R ). Then X; € C(-1,1; = \
Kr. ] n .
; i = 1,...,p, xp+1 € C(0,»; IR) and :
L 1 N N -
¢ -h.) - : - = X, - .
] i+1( bl) (n1+1 1+1)( h 0) X1+1(1) (o X1+1')(1)’ !
X . N
L i =1,...,p°1, :
\::
K 1, o N,y _ .y _ N _ . b
’ Ci( hl> (ni¢i)( hi+o) - Xi( 1) (G Xi)( 1), 1 - 1;"')p3
2 1 N _ ~N
®p+1( h) - (7Tp+l p+1)( -h-0) = Xp+1(0) - (o xp+1)(0). :
| Proof. a) is an easy consequence of the linearity of the functiorsz I
s ¢y and of (5.13). Similarly we get the formulas for the derivatives :
. 1 N 1 . e e .
~ o of - + ivie_. i\
v of Xp+1 and the error ¢p+1 “p+1¢p+1~ under b).‘c) is trivi :
e It remaln? to prove xp+1 € Bk for ¢ € Dy, (and xp+1 € Bk
. for ¢ € D2k+1) Using ol e cok- 1( ® 03 Rr" ), (¢ )(2k 1) locally _
“ . o (J) — . n .
2 absolutely continuous on (-=,01, (¢p+1) € Lg( ,0; R, X
= . 2k-1 n (2k-1)
;5 jg = 0,...,2k, we get xp+1 € C (0,»; IR ), xp+1 locally !
absolutely continuous on [0,®) and éii € L2’O n),
‘.!
> j =0,...,2k. For m = 0,1,2,... and j = 0,...,2k we have :
3 (t+h)™ (0 p+1)(J) € L2( h']Rn) by Lemma 2.3,b). Therefore -
-
h, J) _ . (J)y ¢ 12¢0 w: R )
— g™ Xpe1 * (-8)° ((r+h) (¢p+1) ) € L (0,»; R'). By Lemma 2.3,c) .
ﬂ we -have .
[y
of . Bt/2, . .m, 1 (J)
lim e 1+h ¢ 1) =0
‘r am ( ) ( p+1) (1)
- for m = 0,1 2 . and j :'O,...,2k—1. This and e t/2tm éiz(t) = -
o m- J Bh/2 (j) R
- (-8) p+ﬁ 2(rem)™ (¢p+1) Y(t) show that :
. lim e_t/zt X(J)(t) = 0. Thi: proves X € B . The proof for .

ip41 € Bk j € is analogous =

"$“n\"-\"‘- y
NN h o_;ﬂuﬁuiﬁ



Using Theorem 3.1, a) for k = 2 and Lemma “.2, a) we sec that

(v.7) 1s satisfied 1f ¢ ¢ D2, the rate of convergence being

it R

Je

Similarly we obtain (5.8) (by Theorem 3.3 with k = 2 and
h 1

Lemma 5.2, b)) for ¢ ¢ D, with rate N> (5.9) (by Theorem 2.1, c,
with k = 2 and Lemma 5.2, a) and c)) for ¢ € D2 with rate
—%7?, (5.10) (by Theorem 3.5, c¢) with k = 1 and Lemma 5.2, &)

v

B

p
and c)) for ¢ ¢ D with rate ——=, (5.11) (by Theorem 3.1, t)
3 W17?

with k = 2 and Lemma 5.2, a)) for ¢ € 57 with rate —%7: anz
[ N LA
finally (5.12) (by Thecrem 3.5, a) with ¢ = 1, k = 1 and
Lemma 5.2, b)) for ¢ e D, with rate —%75).A11together we have
J
shown that N

MoON 1 -
A'p'e - A¢ = O(—T7;) for ¢ € D
|0 A

i.e. (5.6) is established with T = bu.

Condition (5.5) is an immediate consequence of Lemma 5.2 a) ard
b) and the completeness of the Legendre polynomials in L2(—1,1; F)

resp. the Laguerre polynomials in Li(O,w;]R).

Therefore all assumptions of the Trotter-Katc theorem in [16]
are verified and the proof of Theorem 5.1 is finished.

Remark. I1f B = 0 then ¢ € ﬁu can be replaced by ¢ € b

because in this case the factor N 1is not present in (5.8)

3)

(and in (5.7)) and therefore ¢ ¢ D2 is sufficient for (5.8). Of

course, the smoothness requirements on ¢ can be relaxed if one

uses interpolation spaces in order to get the estimates of Sectior 3
also for fractional k.

In case of the scheme given by (U4.18) we get for ¢ ¢ bk

N N
A - A
|A P ¢ Mg

N+1.1/2 N

oA 1
< (:“+HOB[ 5 ( 5 ) ]BIL2 Ye” - ¢ ’ :
/¢ 1/g g £

L
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Me1 1/2, 1 N N+1.1/2 B 1
(=) eT(0) =0 (0) . ¢ () OB (-n)
. 1 1
1:=1
CNen e 5 A e B 16 n - ofen
A i F APy e {=hy o (=hy ).

J=1

Froceeding in a similar way as above we get

NN ) 1 -
A p "o A¢]g = O(Nl/g) for ¢ € D5.
The reason for the stronger smoothness requirement in this case is
that for terms like N1/4i¢1(—hi)- ¢N(—hi)], i=1,...,p, we have
to use part b) of Theorem 3.5 instead of part c¢). If Bj = 0,
i = 1,...,p, then we can replace D by D

5 3

5.3. Approximation of the nonhomogenecous problem

Since (1.1) is linear we only need to consider the case ¢ = O
and [ £ 0.

Proposition 5.3. Let 2z (t) be the solution of (4.13) and let
z(t) = (y(t),xt), x(t), y(t) being the solution of (1.1) with
¢ = C. Then

lim zN(t) = z(t)

N+

uniformly for t € [(0,t] and uniformly for f in bounded sets of
Lo, T ”M, T o5 0.

Proof. The proof is analogous to the proof of the corresponding

theorem in (2 ], using the variation of constants formula (2.6).

5.4. A speciz2l case

The scheme presented in this paper has the remarkable property
to give the exact solution in special cases. Consider (1.1) with

Aj z Bj =0, J=1,...,p, 1.6. we have

AN ASos & & o
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L
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W
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5
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N

LN O

D(x,) = x(t) - [ B(r)x(t+1)dr,

W v - o
N 0 (5.15
”3 L(xt) = AOX(t) + _i A{(t)x(t+T)dT.

f In this case, the schemes defined by (4.11), (4.12) and ty (4.18)
'f coincide. Furthermore, the 1-method as described in [ 7] alsc

i yields the same scheme. We put
. a(t) = A(T)e-BT, b(t) = B(x)e °F, < < 0. (s.1€"
'~ . . . 2 nxn

3 Note, that (2.1) is equivalent to a,b ¢ Lg(—w,o;ﬂ? ).

X Proposition 5.4. 1In addition to (5.15) assume that

s

5‘ (i) a,bt are polynomials of degree <m

5& and .

: (ii) ¢ is a polynomial of degree < n.

'.a
Ny Let
N
0 N N N N - .
) XT(E) 5wy (E) +'Zo Bljwj(t), t >0, N=1,2,..., (3.17)
y N ) N N N . s .
o where w (t) = col(woo(t),wo(t),...,wN(t)) is the soluticn of (4.17).
:;. Then

-

oy N

- x'(t) = x(t), t >0, N=mm+l,....

B

Proof. Since for j > m+l the polynomials ej are orthogonal tc

the columns of a and b in Lé(-m,O;]Rn) we have uj = Sj = 0
b for j > m+1 in (4.19) and (4.20). Thus for any N > m the

S (m+1)n-dimensional subspace of zN spanned by e ,é s e € is

FOURIRT IR IS W | [ NP RIWE I T o

y - invariant with respect to the system (4.17). Since by (ii) we have
0 .1 SR - . N N, N
- (67,07 ) € span{eoo,eo,...,em}, the coordinates wOO(t)’wO(°)""’wm(t)

y of the solution wN(t) of (“:17) do not vary with N, N > m.

L N

‘ e A e
et i'},r.lrl&'xm.t‘.
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Let ¢k(t,T) =y ej(T)w?(t), t >0, 1t < 0. Then according
to Theorem 5.1 andJ:OProposition 5.3

lim wgo(t) = y(t), lim oV(t) = x. in L% (5.1°}
N2> N+ t g

uniformly for t 1in bounded intervals. Using the definition of

Blj and (i) we see that
0 m
N _ N N _ N N oL
X(4) = oo ()« [ B(T)T(e,T)an 2wy (t) j:ZOBlj Sy, sl
t >0, N =m,m+tl,.... This shows that
N _ .m PR
x (¢) = x(t), t >0, N >m. (5.2C.
From (5.18), (5.19) and (5.20) we obtain
; m N 0
x () = lim x (t) = y(t) + [ B(t)x, (1)dt = x(t)
N>« -0

uniformly for t 1in bounded intervals =

If assumptions (i) and (ii) of Proposition 5.4 are not satisfied
we can give an estimate for x(t) - xN(t).

Proposition 5.5. Consider (1.1) with (5.15). Let N be the

orthogonal projection Lé(-m,o;.m”) - YN = span(eo,...,eN) and put

aN = ﬂNa, bN = TrNb, N=1,2,....

Then for any t > 0 there exists a constant c not dependent
on N such that

[x(e) = x"(6)] < ellol= Mol Ja=a®| , v o-bN|
L L
g g

)

s LA -
AL AR, NRROAY
s

LA V.1 Y T T VN A
N, X \ h ) “'.h C -i\
'. X 0% LY R

..........................

o l‘t )
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e

o D <t < t, N = 1,2,..., wherc x"(t) i. givern bty [5,17
5; Proof. Let TN(t), t > 0, be the soluticn semigroup generated
o by the solutions of (1.1) with f = 0, AJ. E Ei 20, 0 F 1yee.,p,
.. and A, B replaced by eBTaN(r), eBTbN(r), réspectively. For the
:j same equation with f arbitrary we denote the solutions correspordine
A N
? to initial data ¢ = (¢O,¢1) and p ¢ = (¢O,HN®1) by XN(t), Yy o)
Y - - 1
g and xN(t), yN(t), respectively. By Proposition 2.4
A t
o (Y (8D, ) = Tylede + é T (t-s)(f(5),0)ds, t > O,
<3 . ) ' )
(Vo (t),(x,), ) = T.(t)p ¢ + [ T, (t-s)(f(s),0)ds, t > O.
N N’t N 5 N -
v
AN Proposition 5.4 implies
\.(.
N —
. X (t) = XN(t) for t > 0.
ﬁi Using the second equation of (1.1) and ?N(t) z §N(t) +
S 0 . ’
- J eDIbN(T)XN(t+T)dT we obtain
N —
x(t) - x (t) = x(t) - XN(t)
— O BT _
= y(t) - yN(t) + [ e b(t)(x(t+1) - xN(t+x))dr
- 0 BT N -
" + [ e (b(t) - b (T))XN(t+T)dT
0% 0 4q
X = y(t) - yN(t) + [ e b(r)(x(t+1) - Xy (E+1))dr

- 00

+

0
yy(6) = Fy(t) + esTb(T)(xN(t*m)—;N(t+1))dT

-0

0 Bt N -
[ e (b(r) = b (1))x(t+1)dT, t > 0.

- a0

+




This implies

N fx(t) - xN(t)i < v¥2 max(1,|B] 5 ){I(y(t),xt) - (y. e,
2" . - x . -
AN Ll/g -

+ |7 (t)(¢-pN¢)l } + lb-le | (x,,)
B N 4 g2 N e
A g g
o for t >0, N =1,2,.... The dissipativity estimate (5.4) shows
that there exist constants M > 1 and « €IR such that

SN for all N. This and the variation of constants formula imply

P

UJ(t_S)l

wtl e [ f(s)jds (5.

'
*y

< Me

1A
ol

Gy

Ot

| ¢, + M
£';2 A
g

for 0 <t <t and all N. From Theorem 2.1, ¢) of {9 ] we
immediately obtain

4 Al I;’ ‘.'
'fu ’l “l: L"

g

¢

s

S

“s

.

() ,x) = (g (8), () 1, < ella-a] 5+ p-b"

L
g
0 <t <t, where c¢ 1is not dependent on N. This together with
( 1

4
<<

-
o o

>

-y
o .
x

) - (5.23) implies the result =
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section we discuss some numerical examples whic
teronstrate the feasability of our scheme. All computatiorn.
were performed on an IBM 3081 at Brown University usine so’warc
written in FORTRAN. The integration of the system (L.17) of
crainary differential equaticons was carried out by an IMSL
ire (UVERK) employing the Runge-Kutta-Verner fifth an~
order method. The coefficients aj and 8. 1in the m:o-

in general were computed using Gauss quadrature formulac

This is the equation
. O ‘[
x(t) = x(t) - [ (1-sint)e x(t+1)dr, t > 0,

- o

with Initial conditions

%

A

0.

A

[l A AP

ecause of the special initial conditions the equation is
ale

5555

nt to the Volterra integro-differential equation

-

t

x(t) = x(t) - [ (1+sin(t-1)e (7T
0

x(t)dt, t >0

x(0) 1.
Cifferentiating the equation in (6.1) we see that the soluticn to
(6.1) also satisfies the ordinary differential equation (D = é%)

(Du + 2D° + 2D° + D+ 1)x(t) = O t >0,

x(0) = 1, x(0) = 1, X(0) = 0, x(0) = -1.

This equation was used in order to compute the exact solution to
problem (6.1).
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; Since the kernel A(t1) = (1—sim)eT is oscillatory, the GSazuss-
;S Laguerre quadrature formula has difficulties to yield accurate

- values for the aj's in (4.19). However, doing the same computzaticr:
ey as in the proof of Theorem 3.5, ¢) one can show that

hj I, = ? e_t sin wt L (t)dt J, = ? e—t cos wt L, (t)dt

o k o} wt oty > “k “Y Yk ’

ot 0
» k = 0,1,2...
.ff csatisfy the recursion

:;: I(I\, W -1 I
e \k=-”2t ”k’l?,kzl,z, ,
s (JkJ 1+uw 1 w Jk—1J

¥

Al with I = —2—, S . Using this recursion the computaticr
~ O 1+ 0 1+

LTW w

- of -the aj'S posed no difficulties. The numerical results are shzwn
ii?” in Tatle 6.1. Note, that for our scheme wgo(o) = ¢O for all N.
‘%: Therefore Table 6.1 does not contain values for t = O.

N
o5

A 4 8 16 32, .
b t Woolt) Woo (t) Woo (t) Wop it x(t)
B 0.2 [1.198396925 | 1.198724502| 1.198671451 | 1.198669250| 1.1986€ 2247
- 0.4 {1.387642352 | 1.389698823] 1.389419452) 1.389413284| 1.389u-72¢
:; 0.6 [1.559759944 | 1.565189040f 1.564592523 | 1.5645883321 1.5€45¢8: 2L
‘;j 0.8 |1.707896224 | 1.717913%92] 1.717066793| 1.717070745| 1.7170727L=
.; 1.0 {1.826226289 | 1.841347388] 1.840439101 | 1.840451863 1.840452%5¢C
— 1.2 [1.909918666 | 1.929911297| 1.929179071 ]| 1.929195874| 1.6291¢5¢E6
o 1.4 {1.955135808 | 1.979088201| 1.978751749 | 1.978765590 | 1.9787€55¢8¢
v

o 1.6 11.959053190 | 1.985499876] 1.985714422 | 1.985719468 ] 1.98571¢£482
"\ 1.8 [1.919884567 | 1.946954731| 1.947788385 | 1.947782026 | 1.9477£8204
" 2.0 ]1.836904312 | 1.862474344| 1.863905575 | 1.863888825 | 1.8638E282
e

) CPU _

(sec) 0.018 0.029 0.054 0.126

oy

N

; Table 6.1
\"




3 - 15 -
i.:‘ N
i% b
. '1
~ g
, Yoo this example the assumptions of Proposition 5.5 are saticfic .
‘ﬁ : e have WBO(L) : xh(t), t > 0, because b = 0. Observing ¢t = y
o we obtain from Proposition 5.5 the estimate :
-\.: ¥
: N N -
(x(t) - w,. . (t)] < const.|la-a | 5, O <t <¢t.

N 00 — L2 — - ,
'5: It is easy to see that a(-1) € Bk for all k = 1,2, (note <:z- d
- J ns

W £ = 1). Therefore according to Theorem 3.3 |a - a’| s < 39:—37 TIr

L (N+1)"

; all k = 1.2,... (of course with const. depending on € ) whicr

\ -
> means infinite order ccnvergence of ng(t) + x(t) wuniformly cr ‘
;ﬁ compact intervals. This is reflected by Table 6.2 where we show
i~ ] i . .
Y oM max (x(0.21) - w§0(0.21)| for N = 4,8,16,32.

iz0,...,10

A
.f:: N AN :
‘ . L 1 0.027897480
) 0.001414495 Y
n~ 16 | 0.000016790

-~ 32 0.000000021
[} d
o Table 6.2 ;
,i
20 The next two examples have their origin in the dynamics of v
Y )
- structured populations (see [13)). Let x ‘be the size of individuals ir
o the population, 0 < x < S, S being the maximal size. Then a simpie v
fj model for the evolution of the population density wu(t,x) 1s givern
1 t
" by

' u (t,x) + (g(x)ult,x)) = - uqult,x), t >0, 0 < x <5,
g ‘ t S x 0 z =tz ;
15 .
N u(t,0) = | q(x)u(t,x)dx, t > 0, :
L« 0 A
s u(0,x) = ¢(x), 0 <x <S. ]
o Here wy; >0 is a mortality rate (assumed to be constant), g is

A -

i, a growtn rate (assumed to be positive on [0,S); for an individual

5 ‘
"

"h - - . - - . ~ - - - - - ., - B . . . . . - - - = - \ - - ¥
B A e e T P e s s o

. s
hliihad WV G e 5 Ol "




»’a"l\ . . L. dx . ..
. tie slize chnanges according to T g(x)), a 1g a fecurzivy
< vasasumed to pe nonnepative and essentially bounded) and ¢ o T

1Y
N initial size distribution of the population.
Fd

Y By the method of characteristics one can show that the bir .

rate B(t) = u(t,0) satisfies the Volterra equation

e’}
-

s B(t) = J alt-£)s(e)de + h(t), t > 0,
. 0

where

_. “u. £
g(o)ac tene 07, ¢ 5 0,

jo¥]
—~
[aal
~—
"

St . (fL3
e [ a(G “(G(g)+t))e(g)de, t > 0,

h(t)

3y withn

i

G(g)

':f Assuming that h 1is locally absolutely continuous c¢cr. t > C

;: equation (6.2) is of type (1.5).

3 Example 2. This is equation (6.2) with My

o b = 0.0075, S = 60 and

0.15, g(x) = b(Z-%,,

q(1) = 2L (=<7 4 s1°
A s

3 q satisfies q(0) = q(S) = q'(0) = q'C%S )
-, this example

i
(@]
o]
wn
1
[y
lll
]
3

a ~pg 2 ~(¥g*tBIE
e

©age) = SLes(a - 7% . €20,

- and




XY ‘G |.vr§|‘

¥
1]

- [47 -
4. =(u_+b)t, S 3 N
Pat) = %f e { f (1-%) (£)de - Pe ot [ (1-2 7
0 b §] -
Sout S, 603
e 77 f (1—§)’¢(g)dg}, t >0
0
-A.
Sirce (£) 1is a linear combination of e 9 | Aj vyt Jb,
J = 1,2,3, 8(t) 1s also solution of an ordinary differertial
eguatior (D = g%):
(D3 ) (04,5 (Dea08(e) = &L b2 se(n),
(7.~
sy = ey, 1 -0,1,2
Ine numerical computations were carried out for ¢ = 1 on [C,S
and the results are listed in Table 6.3 (B8(t) was obtaired by
salving (6.4))
r
5
i wo o (8) wo (6) was(t) B(t)
? 1 126.26615192 29.26917027 29.26917041 29.269170L1
; 2 R5.38765761 25.39133074 25.39133081 25.391330¢&2
.3 [22.03843175 | 22.04086481 | 22.04086408 | 22.040864CT
f L 19.1L4858020 19.14960995 19.14960983 16.149609¢ 3
i 5 [16.65708019 16.65672030 16.65672016 16.6567201¢
6 P4.50980845 | 14.50831247 | 14.50831234 | 14.5083123%%
7 [12.65928231 ' 12.65699712 12.65699703 12.65699703
g 9.68813725 11.06133885 11.06133881 11.061338¢1
9 | 8.50035095 §.68528995 9.68528996 9.685289¢6
10 &5003509“9I 8.U497625723 8.497625775 8.U497625775
CPU
(sec) 0.021 0.039 0.087
Table 6.3
With respect to the rate of céhvergence wgo(t) + x{t) the sane

remark are in order as for Example 1.
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A3S Sxntipie Ao This s (6.0 with by T 015, g(x) = gas-,‘ ,

ﬁf Loz D007, & o= 60, The Tunction q 1s the same as for Example |
s\\

ii Simple computations lead to

ey X

o GO = gremyy 0 0 xS,

W

o -1 _ bSy

e Gy sy s G2y e

and

~:;': kel 2z e - Y &

.:'-:- a(;):%b”s2——t——~3e O, £ >0,

ey (1+bg)
s 275 [£+bt (5-£)1°

hit) = == [ (8-¢) —=—=—=—"—5 o¢(£)dg, t > 0.
0 [S+bt (S-¢)]
;j The Lacvlace-transferm of a(g) 1is no more rational. Therefcre the
* sclution £(t) of (6.2) in this case does not satisfy an ordinary
differential eguation. The results of our numerical computations

155 are shown in Table 6.4.

s

< L g 16
ol . 4 N
K2 t Woott oot oo l®)

>

1 |13.14565011 |13.155606G1 13.15574424

Y > |i1.tow93001 |11.s2071052 [ 11.42072946

.,

oo 3 | 9.95006974 | 9.6557521k 9.95572216

iE b | 8.72595239 | 8.729062527 8.72956630

= 5 | 7.71550920 | 7.71008529 7.71002209

D% 6 | 6.E7480285 | 6.8£594795 6.86589901

o .
'T? 7 | 6.17887223 | 6.168356727 6.16833122
< g |5-60209160 | 5.591452¢62 5.59145294

A

' g | 5-1222L059 | 5.11264292 5.11266498
O 10 | 4.72038561 4,71259466 4.71263182

= CPU 0.054 0.075 0.129

o (sec)
e

. Table 6.4

‘&§ ©
"
%\: When the scheme determined by (4.18) is applied to equations
gﬁ satisfying (5.15) the only quantities to be stored are aj and Ej’
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Caeeeylos Do approximately linear growth of CPU time ctserved
1

. . . ! . . n
Ll eXOng led 1ndlcates that the matrix (A" & not stiif.

The rewt Lwo examples show the advantage (as far as rate cf

corversence 1a concerned) using the scheme defined by (4.11), "~.22)
over the one defined by (4.18) when (1.1) involves also point
delays (see =2l5a the remark at the end of Section 5.2).
Fxamrtie L, fEwample 2.6 in [10]1). This is the retarded probler
0
Do PR s
it o= x{t=1)y + 2 [ se”x(t+s)ds, t > 0,
x{(Cy = 0, x(t) = -t, t < Q.
The exzect sciatlion is given by
T 1 1 : 1 -2t ] .
ity oz owl(t) = T - §t-4951n t + T € , 0 <t <1,
1,1 4 _ 22 .
xiv) = wl{v) + T E(t 1) >E s(t-1) 5z sin(t-1)
) 4 g -z{t-1"
+ =(t-1)cos(t-1) - =(t-1)sin(t-1) - —== e
5 5 1006
1 -2(t-1) -
+2—O(t—1)e ,1<t:k.
For this example we used the Legendre-Laguerrs scheme and the
. I - - .
Laguerre scheme. In the first case we kept VY. = span(e, €5 1\ z2rd
C oy s

only increazsed the dimension of the "Legendre" sublcoprice
N — . .
1.0 1 N)’ N = 4,8,16,32. The results are listed

3 3

Y, = span(é yess €
in Table 6.5. As for the other examples & 1: the maximum of tre

1
errors at the meshpoints. A comparison of the results for the
Legendre-Laguerre scheme and the Laguerre-scheme supports the remar«

at the end of Section 5.2.

> -aa:.a\l AT .-

PR TP TR —

P R P S




- 0L rﬂ- AN STl

N
R

G*9 S1QEBL
1,988,000 8¢20000°0 99¢T000°0 298.000°0 ¢.0L200°0 v
. . . . . (08s)
- 010 901 G¢*0 H1°0 90°0 0do

¢genesg¢- G100%8 "¢ - T.ehgsg ¢~ 202he G ¢ - 999¢¢GQ" ¢~ n1L0€G68° ¢~ 0°¢
h.98629°¢ = 9022729 ¢ - 2.98629°¢- Ly98629° ¢~ 6868629 ¢ - 8GLT0£9°¢~ | 8" T
$G168G¢ "¢~ L2glyGe ¢ - TG1686G¢ "¢ - 94 T1686G¢ ¢~ 99888G¢ "¢ - 606686 "¢ - 9°1
126nH60°¢ - GHh96GG60 "¢ - G2GhhG0 ¢ - 8LGHt G0 ¢~ ¢916460°¢ - 2189p¢ G0 ¢~ 1
A4K00¢C L 2- Gegble L2~ 96H00¢ L 2- ¢LLo0g L ¢e- Gglgecl-c- hg9ceeel e~ 21
2Q0166¢ " 2- 679666¢ " 2- LL6066C "2~ ¢0G066¢ " C- 616 .65 "¢~ ClliirntmC- 0'1
caiencot e~ ¢16r820° 2~ hh12he 0" 2~ 9160HC 0" 2~ hh20sg 0" 2- JtaeTi 0 2= 3°0
%936509° T~ ITh6SH09 " T- 1286¢09° T~ G606509 1~ 0¢9n¢ 03" 1~ rtoea - 9°0
506911 T~ LOZ 13T T~ 0$TS9T1T" 1~ GGHGYTT T~ 6.19911° - ST T nto
LoGLl6 LG 0~ ¢1.626LG5°0- L$9L6LG 0~ 6G6¢16.L.5° 0~ 93cbo Lo~ dUr st - 20

00 00 . 00 00 Lo 3

AUVX AUV&,@QaNMZ Advmamﬂz AL.J.Na@ﬁB Auvman fb\t,An,.3

™,

" At
"y

.
» 3
AT

223

" N e ety A e A,
ORI R e RO g A
L (e M A (o N 20 MY X

»
v

o

TS R e
W S0
gY ¥ 00 X

L



Zxarple 5 (Example 2.11 in [10] ).

This 1is the neutral < yre
equation

0
L (x(t) + b [ se®x(t+s)ds) = x(t-1), t > 0,

-— a0

x(0) = =4, x(t) = 1, t < 0.

The true solution is given by

= ) = E - l - ﬁ _3t < <
x(t) = e (t) 3 3t 96 , 0 <t < 1,
- €, 13, _ 1 (eoqye - t-1
®(t) = y(t) + 3 + 27(t 1) + Tg(t 1) e
1 -3(t-1) _ L4 =3(t-1) .
tge 57(t 1)e » 1 t <2

The computations for this example were done in the same way as
for the previous example. With respect to a comparison between

the Legendre-Laguerre-scheme and the Laguerre-scheme the same
remarks are in order.

The CPU-times and the errors are larrcer
for this example because the equation is of neutral type.
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